We study multipartite entanglement in a system consisting of indistinguishable fermions.
I. INTRODUCTION
The nonlocal correlations implied by the states of multipartite quantum systems form the basis of quantum information processing technologies like quantum teleportation and quantum computation [1] [2] [3] . Recently the question of understanding and using entanglement in the systems of identical and indistinguishable particles has seen a surge of interest [4] [5] [6] [7] . Two or more identical particles become indistinguishable when their wave functions overlap. Such a situation can arise, for example, in a quantum device based on quantum dot technology [8, 9] . Here qubits are realized by the spins of the electrons in a system of quantum dots. The overlap between the electron wave functions in different dots can be varied by controlling parameters like gate voltages or magnetic field which change the tunneling amplitudes of the electrons from one dot to the other. For non-negligible overlaps, the entanglement between the qubits is then intimately connected to the electron entanglement which is essentially that of indistinguishable fermions. Entanglement is also expected to play a fundamental role in many physical phenomena like quantum phase transitions, quantum Hall effect, etc [10, 11] involving many body quantum systems.
The study of entanglement in many body quantum systems consisting of identical particles has posed challenging fundamental questions about the definition and nature of entanglement in such systems due to the inherent indistinguishability of particles [4, [12] [13] [14] . For example, the (anti)symmetrization necessary for indistinguishable (fermions) bosons already leads to quantum entanglement. However, it is known that the correlations due to symmetrization or anti-symmetrization are not by themselves a physically useful resource for quantum information and communication technologies; for example, there is no measurement we can do locally on a fermion in a localized state which is affected by the existence of identical fermions in other parts of the universe [15] . Most studies of entanglement in many body systems consisting of identical particles have focussed on the study of bipartite entanglement. There have been few studies on multipartite entanglement [16, 17] although the study of multipartite entanglement in such systems is also an important and interesting question.
In this work, we study multipartite entanglement in a system consisting of identical particles. We use the idea due to Zanardi [4] whereby the Fock space of a system of fermions is mapped to the isomorphic qubit or 'mode' space. We then discuss entanglement in this 'mode' space via a geometric measure. The idea is to use the Bloch representation of the state of the m-partite quantum system [18] . The measure is defined by the Euclidean norm of the m-partite correlation tensor in the Bloch representation.
This correlation tensor contains all information of genuine m-partite entanglement (see section III). Such a measure was proposed earlier by one of the authors (and Hassan) for N qubit and N qudit pure states [19, 20] and shown to satisfy most of the properties expected of a good measure. The Bloch representation of a quantum state has a natural geometric interpretation, which is why we call this measure a geometric measure [18] .
Other geometric measures are based on the distance of the given state from the set of separable states in the Hilbert space [21, 22] . An important question in the context of quantum entanglement is that of locality. For indistinguishable particles distributed over 'modes' (which are taken to be single particle states of particles constituting the system), local operations have meaning only in the context of partitions over modes. A quantum operation confined to a single subset in a given partition is then a local operation. We therefore define entanglement in such a system with respect to partitions and require it to be invariant under local unitaries defined with respect to a given partition. We explicitly demonstrate the use of the measure to calculate entanglement in some correlated electron systems.
The outline of the paper is as follows: In Sec.II, we begin by briefly reviewing some details about the isomorphism between the Fock space of a system of indistinguishable particles and the 'mode' space [4] . This will help us in defining various quantities and also set up notation necessary for the subsequent analysis. In Sec.III, we define and construct the geometric measure. Various properties of the measure are also discussed with reference to a specific example in Sec.IV. In Sec.V, we use the measure to study entanglement in the Hubbard dimer and trimer. Finally, we conclude in Sec.VI.
II. MAPPING BETWEEN FOCK SPACE AND QUDIT SPACE
We deal with N spin- 1 2 fermions on a L site lattice. The total number of available (localized) single particle states are then 2L in number. The fermionic Fock space in the occupation number representation has basis states of the form |n 1 n 2 . . . n 2L (n i = 0, 1 ; i = 1, . . . , 2L). We further assume that the total number of particles is conserved.
This means that we only deal with subspaces of the Fock space corresponding to a fixed eigenvalue for the total number operator. We shall refer to this number super-selection rule as N-SSR. For a N-fermion system, we call such a subspace of the Fock space 'Nsector' and denote it by F N . The N-sector of a 2L mode system is the subspace F N of dimension 2L N of the Fock space with the dimension of the Fock space for 2L single particle states (N = 0, 1, 2, . . . , 2L) being
Since a 2L qubit Hilbert space (C 2 ) ⊗2L has exactly this dimension, it is possible to construct an isomorphism between the Fock space and the 2L qubit Hilbert space (C 2 )
⊗2L [23] . The particular isomorphism we implement is
where, in qubit space we associate |0 ↔ | ↑ and |1 ↔ | ↓ . Note that the Slater rank of the Fock basis states |n 1 n 2 . . . n 2L is 1 so that these are separable states. Thus the above isomorphism maps separable basis states in Fock space to the separable basis states in qubit space. Further, the subspace structure of the Fock space namely,
is carried over to the qubit space under mapping (Eq.(2)) because each subspace of the Fock space with conserved fermion number N is mapped to a subspace of the 2L qubit space spanned by the basis vectors with N ones and 2L − N zeros. We can write
where H 2L (N) is the image of F N in Eq.(3) under the map given by Eq.(2).
Next crucial step is to transfer the action of the creation and annihilation operators on Fock space to the qubit space, under the isomorphism given by Eq.(2) [24] . We need the creation and annihilation operators a and a † acting on a single qubit state,
such that,
Here a i (a † i ) is the annihilation (creation) operator acting on Fock space F 2L , annihilating (creating) a fermion in ith mode. I is the identity on single qubit space. The tensor product satisfying the correspondence in Eq.(6) must be consistent with the anti-commutation property of the Fock space creation and annihilation operators,
This requirement leads to the following action of the tensor product operators on the 2L qubit states
Here n i ∈ {0, 1} ; i ∈ {1, 2, . . . , 2L} and 2L j=i+1 n j is evaluated mod 2. Using Eq.(8), it is straightforward to see that
and
We note that the phase factors appearing in Eq. (8) are the consequence of the conservation of the parity operator [25] 
Henceforth, in this paper, by 'fermions' we mean spin- 1 2 fermions. Further, we call a single particle state a mode. Thus two spin-
fermions on two sites is a four mode system.
In general, N spin-
fermions on L sites is equivalent to N fermions on K = 2L modes. For example, two spin-
fermions on a two site lattice, A, B say, generate four single particle states or modes |A ↑ , |A ↓ , |B ↑ , |B ↓ . In this work, we deal with entanglement between subsets forming a partition of a 2L-mode fermionic system. We define the entanglement measure for any such partition of a 2L-mode system without any restriction on the number and the size of the subsets forming the partition. These subsystems may involve different degrees of freedom, for example, we can deal with the entanglement between spins and sites or entanglement between two spins on the same site (intra-site entanglement). Or if each of the subsets partitioning the 2L modes comprises modes with common site label we have the entanglement between sites or the 'site entanglement'. Thus all physically realizable subsystems of N fermions over 2L single particle states can be addressed by dividing the 2L modes into suitable partitions, for example the 'particle entanglement' defined in [6] .
We now define the local and non-local operations on the 2L mode fermionic system [4-6, 26, 27] . We do this by using the corresponding operations on the isomorphic qubit space H 2L . We note that, due to isomorphism between F 2L (Eq. (2)) and H 2L (Eq. (4)), partitioning 2L modes is equivalent to the corresponding partitioning of the 2L qubit system into subsystems. Locality is defined with respect to the partition of 2L qubits (or, the corresponding partition of 2L modes) between whose subsets we are seeking entanglement. The operations on the state space of a single subset in a partition of 2L qubits is taken to be local. The entanglement measure defined with respect to a partition must be invariant under a unitary operation which is local with respect to that partition.
We will illustrate this point later, using the geometric entanglement measure defined below. Henceforth 'mode' and 'qubit' are taken to be synonymous and we shall use the expression 'modes' instead of 'qubits'. In other words, the spaces F 2L and H 2L are taken to be the same.
III. GEOMETRIC MEASURE FOR ENTANGLEMENT.
A. Definition to get this measure [19, 20] .
First we assume that a partition equally divides 2L modes into subsets, ie all subsets in the partition contain equal number of modes, say n. This corresponds to the case of
n , n being some divisor of the number of modes 2L. To get the entanglement measure we expand the state ρ = |ψ ψ| of the system, supported in the appropriate H 2L (N), in its Bloch representation.
In order to give the Bloch representation of a density operator acting on the Hilbert
/n-qudit quantum system, we introduce following notation [20] . We use k, k i (i = 1, 2, . . .) to denote a qudit chosen from m qudits, so that k, k i (i = 1, 2, . . .) take values in the set N = {1, 2, . . . , m}. The variables α k or α k i for a given k or k i span the set of generators of SU(d) group for the kth or k i th qudit, namely the set {λ 1 , λ 2 , · · · , λ d 2 −1 } for the k i th qudit. For two qudits k 1 and k 2 we define
where λ α k 1 and λ α k 2 occur at the k 1 th and k 2 th places (corresponding to k 1 th and k 2 th qudits respectively) in the tensor product and are the α k 1 th and α k 2 th generators of
Then we can write
where s (k) is a Bloch vector corresponding to kth qudit,
which is a tensor of order one defined by
where ρ k is the reduced density matrix for the kth qudit. Here terms in the sum
, each containing a tensor of order M. The total number of terms in the Bloch representation of ρ is 2 m . We denote the tensors occurring in the sum 
whereP
Note that each of the generators of the SU(d) group λ i , i = 1, 2, . . . , d 2 − 1 acts on a single qudit space and hence is local (see Sec.II), apart from the phase factor contributed by their action, as given by Eq. (8) . We assume these phase factors to be absorbed in the coefficients in the expansion of the density operator ρ.
Let a 2L mode N fermion system be partitioned by m = 2L/n subsets, each containing n modes. Then for this partition, we define the entanglement measure for a state |ψ ∈ H 2L (N) by [20] 
where
and ||τ || sep is ||τ || for separable (product) m qudit state
B. Entanglement in partitions with unequal subsets
We can also generalize the definition of the entanglement to the case where the corresponding qubit subsystems have unequal dimensions. We discuss the simplest case of bi-partite entanglement with partitions having unequal dimensions, say d 1 and d 2 . In this case, the definition of the geometric entanglement measure generalizes to
Hereλ i (i = 1, . . . , d 
Here
It is straightforward to extend these definitions to partitions containing more than two subsets.
IV. ENTANGLEMENT IN A FOUR MODE SYSTEM
With the entanglement measure defined as above, we give an example wherein we can compute the entanglement for different partitions and illustrate our comments on local and non-local operations. We also compute the upper bounds on the entanglement.
A. Local and Non-local operations
Consider a four mode system and the normalized state |ψ ∈ H 4 (2) defined as
where α, β are real. Note that |ψ can be treated as a member of the Fock space F 4 (2)
with the kets appearing in it being its basis states. Consider the evolution of the system in state |ψ ∈ F 4 (2) via the Hamiltonian
acting on F 4 . Here f term is the interaction between two modes on different sites (intersite interaction), η term is the interaction between two modes on the same site (intra-site interaction). Γ and γ correspond to single mode on site A and B respectively. q term involves number operatorsn i = a † i a i ; i = 1, 2 for first two modes, on A site. We have included all the different kinds of typical interactions encountered in condensed matter systems, respecting number super-selection rule. After an infinitesimal unitary evolution via this Hamiltonian, the state |ψ evolves to
By employing the mapping of annihilation and creation operators in Eq. (6) and Eq. (8) and that of Fock space basis states in Eq.(2), we get, for |ψ
Now we find the entanglement for different partitions of this four mode system, using the geometric entanglement measure, Eq.(15). We first partition four modes into four subsets, each containing one mode. This case gives genuine entanglement between four modes, which is more general than only the bipartite entanglement considered in the literature. For this case d = 2, so that ||τ || sep = 1 and we get, for the genuine four mode entanglement,
with
where {σ i } i = 0, 1, 2, 3 are the generators of the SU(2) group (Pauli operators). The
where the first term gives the entanglement E(|ψ ) for the state ψ as defined in Eq. (22) .
For this partition, the operations on a single mode are the only local operations, while all others are non-local. Therefore, the terms Γn 1 and γn 3 are the only local interactions.
Therefore, we expect that the four mode genuine entanglement should not depend on Γ or γ to the first order in ǫ, which is the case, as seen from Eq.(29).
Next, we consider the partition consisting of two subsets, each containing two modes on each site, {A ↑, A ↓} and {B ↑, B ↓} (site partition). Thus we have two subsystems with d = 4 corresponding to a SU(4) ⊗ SU(4) qudit system. Further, n = 2 giving m = (2L/n) = 2 so that the geometric entanglement is
where ||τ || = 4 (25) is then given by
According to the 'site partition', in addition to the operations on single modes, the operations on the pair of modes having the same site label are also local. Therefore, the resulting entanglement cannot change under the intra-site operations in the Hamiltonian, namely the q term, the η term and as before, Γ and γ terms. Thus, to the first order in ǫ, the entanglement is expected to depend only on the non-local part of the Hamiltonian, that is, on the f parameter. From Eq.(31) we see that this is the case. The inter-site entanglement quantified using Von-Neumann entropy has been reported earlier [4] .
Thus we see that the geometric measure has the capability to quantify the genuine multi-mode fermionic entanglement as against the mainly bipartite entanglement reported in the literature. Also, the geometric entanglement measure, for the given partition of modes, shows the correct behavior under local and non-local unitary operations.
B. Upper bound for the geometric measure in a four mode system.
We discuss here some upper bounds that one can find for the entanglement for the four mode system and compare with existing results obtained from other measures. We find that the general state which leads to a maximum inter-site entanglement computed via the geometric measure also leads to a maximum for the von-Neumann entropy.
We treat the entanglement for the given partition to be the function of the coefficients of the general state |ψ ∈ H 4 (2), namely, |ψ = k=3,5,6,9,10,12
where each ket is labeled by the (four bit) binary representation of k. We then maximize E(|ψ ) with respect to the coefficients c k .
For the site partition (see above) the entanglement (Eq. (30) and two equations following it) is a function of the coefficients c k in state |ψ ∈ H 4 (2) given in Eq.(32). We find that the the maximum value of the entanglement is given by
The Schmidt canonical form (with respect to the H 4 (2) basis) of |ψ max corresponding to this E max is
or,
where each ket is labeled by the four bit binary representation of k. Also, both these forms lead to the von-Neumann entropy = 2 which is the maximum possible [13] .
For the four mode entanglement (Eq. (26)) we find that entanglement is maximum for the state given by and the maximum value is found to be
However, we do not have any entanglement measure to compare with the geometric measure. We also note that, for four modes, no canonical form like the Schmidt or Acin canonical form (for two and three modes respectively) is available.
V. APPLICATIONS
We now consider some correlated fermionic lattice models and discuss multi-mode entanglement in these models using the geometric measure.
A. Hubbard dimer.
The Hubbard dimer model is a simple model for a number of physical systems, including the electrons in a H 2 molecule, double quantum dots, etc [4, 6, 30] . The Hamiltonian can be written as
where A, B are the site labels and ↑ and ↓ are spin labels. t is the hopping coefficient measuring hopping between two sites while conserving spin and U quantifies Coulomb interaction between fermions on the same site. By varying
we can vary the relative contributions of hopping and Coulomb mechanisms.
The ground state of the system at zero temperature can be easily obtained as [4, 6] We plot the four-partite entanglement as a function of U and t (Fig.1(a) ) and as a function of α (Fig.1(b) ). The entanglement is seen to monotonically increase as a function of α,
saturating at large values of α to the maximum value 2. The saturation to the maximum value can be obtained either for very large values of U or very small values of t. We can interpret this result in the following way: since the total particle number is fixed to be 2, the four mode entanglement essentially measures the correlations between the spins. The entanglement increases as a function of α because the spin correlations increase with α. We can also calculate the bipartite entanglement between sites A and B using the geometric measure Eqs. (15, 16, 17) considering the partitions to be {{A ↑ A ↓}; {B ↑ B ↓ }}
and ||τ || sep =
. Hereλs are the generators of SU (4), there are m = 2 partitions (same as the number of sites) and each partition has dimension d = 4. This leads to an inter-site entanglement of the form
The bi-partite entanglement between sites A and B was calculated earlier using the vonNeumann entropy [4] 
We plot the inter-site entanglement (the von-Neumann entropy is also plotted for comparison) as a function of α in Fig.2 . It is seen that both measures show qualitatively similar behavior, i.e, a monotonically decreasing entanglement as a function of α saturating at very large values of α. The entanglement between the sites A and B decreases as a function of α because with increasing on-site repulsion U, the four dimensional local state space at each site gets reduced to a two dimensional local state space [4] due to a suppression of charge fluctuations or in other words, as α → ∞ the SU(4) ⊗ SU(4) partition goes over to a SU(2)⊗SU(2) partition. We have explicitly checked that the entanglement obtained in the α → ∞ limit matches with that obtained for the SU(2)⊗SU(2) partition. We can also discuss bi-partite entanglement with unequal partitioning. Consider four modes partitioned into two subsets containing one and three modes respectively. This would correspond for example to one observer controlling a register which measures the occupancy of the spin up at site A and the other observer controlling a register which measures the occupancy of the spin down at site A as well as the occupancy at site B.
The bi-partite entanglement in this can be obtained as discussed in Sec.(III B) . In the present case, the two partitions have dimension as d 1 = 2 and d 2 = 8 respectively. This gives, for the entanglement,
or, using |ψ in Eq. (43),
Interestingly, the entanglement is independent of α. It turns out that this is the maximum value possible for the entanglement (Eq. (52) The six-mode entanglement as a function of the interaction parameter β is shown in Fig.3a while the tripartite entanglement (between the sites A, B, C) is shown in Fig.3b as a function of β. The tripartite entanglement between the sites A, B, C is seen to decrease with increasing β -we interpret this result in a similar way as that for the dimer as due to the fact that the local state space at each site decreases with increasing β. We find that the six-mode entanglement increases with β, saturating at large values, however, the behavior is not monotonic. Such non-monotonic behavior as a function of β is also shown by the bipartite entanglement between sites A and BC calculated using the geometric measure as well as the von-Neumann entropy (Figs.3c and 3d ).
We can understand the non-monotonic behavior in the following way: the bi-partite entanglement measures the entanglement between the the sites A and the sites BC. With small increase in β from zero, there is an increase in the spin fluctuations between B and C which shows up as an initial increase in the entanglement between A and BC.
However, with further increase in β, the charge fluctuations get completely suppressed leading to an asymptotic behavior similar to that for the dimer. One can understand the non-monotonic behavior of the six-mode entanglement in a similar way. For small β, there is a larger correlation between two sites which leads to a decrease in the overall entanglement, however with further increase in β, the contribution to the entanglement is solely due to spin fluctuations which increases with β leading to the observed increase in the entanglement as well. 
VI. SUMMARY
We have proposed a multipartite entanglement measure for N fermions distributed over 2L modes (single particle states). The measure is defined on the 2L qubit space isomorphic to the Fock space for 2L single particle states. The entanglement measure is defined for a given partition of 2L modes containing m ≥ 2 subsets, using the Euclidean norm of the m-partite correlation tensor in the Bloch representation of the corresponding multi-mode state, viewed as a m-partite state (see sec. IV and V). The Hilbert spaces associated with these subsets may have different dimensions. The quantum operations confined to a subset of a given partition are local operations. This way of defining entanglement and local operations gives us the flexibility to deal with entanglement and its dynamics in various physical situations governed by different Hamiltonians. We note that the concept of locality for indistinguishable fermions is distinct from that for distinguishable particles. In the latter case, locality applies to spatially separated subsystems.
However, spatially separated fermions become distinguishable. We have shown, using a representative case, that the geometric measure is invariant under local unitaries corresponding to a given partition. As an application, we have also considered some correlated electron systems and demonstrated the use of the multipartite measure in these systems.
In particular, we have calculated the multipartite entanglement in the Hubbard dimer and trimer (at half filling). We find that the bipartite entanglement between sites as computed with the geometric measure has a qualitatively similar behavior as a function of the interaction as that of the conventional von-Neumann entropy. We have also calculated the four(six)-partite and the two (three) site entanglement for the Hubbard dimer(trimer).
We find that the multi-partite entanglement gives complementary information to that of the site entanglement in both the cases.
Although the entanglement measures given in this paper have been mainly applied to the study of the multipartite entanglement structure in Hubbard dimers and trimers, these measures are completely general and can be applied to other fermionic systems. We have also shown [19, 20] that, viewed as a measure on qubit space, this measure has most of the properties required of a good entanglement measure, including monotonicity.
To the best of our knowledge, this is the first measure of multipartite entanglement in fermionic systems going beyond the bipartite and even the tripartite case. Further, in this paper we have restricted to applications involving ground states of 2L mode systems with 2L ≤ 6. It is straightforward to extend the calculations for large number of modes (2L > 6) except for the length of the computation. We have shown earlier that [19, 20] for antisymmetric states, the computational complexity of computing the measure goes polynomially with the number of parts of the system (here, the number of partitions of 2L modes). It would be interesting to extend these calculations to larger system sizes where new and interesting results might be expected -we plan to do this in a separate study.
